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In this paper a variational formulation is presented for the torsional deformation of homo-
geneous, linear piezoelectric monoclinic beams. All results of the paper are based on a gen-
eralization of the Saint-Venant’s theory of uniform torsion of elastic beams to piezoelastic
beams. Variational formulation uses the torsional and electric potential functions as the
independent quantities of the considered variational functional. The mechanical meaning
of the variational functional deﬁned is also given. Examples illustrate the application of
the presented variational formulation. Considered examples are the torsional problem of
thin-walled piezoelastic beams with closed cross-section, and the torsion of hollow circular
cylinders made of orthotropic piezoelectric material.
 2011 Elsevier Inc. All rights reserved.1. Introduction
Variational principles are useful in solving many complicated boundary-value problems through two major approaches:
approximate solutions of equations and their FEM implementation. Another important application of variational principles is
the derivation of approximate equations for given boundary-value problems [1,2]. This paper presents a variational principle
for torsional deformation of piezoelectric beams and bars. By the use of the derived variational principle an approximate
solution is given for the torsional problem of thin-walled piezoelastic beams with closed proﬁle.
The Saint-Venant’s torsion of a homogeneous, isotropic, elastic cylindrical body is a classical problem of elasticity [3–5],
which is solved using a semi-inverse method by assuming a state of pure shear in the cylindrical body so that it gives rise to a
resultant torque over the end cross-sections. The extension of the Saint-Venant’s theory of uniform torsion for the more com-
plicated case of piezoelectric beams has been considered by Bisegna [6,7], Davı´ [8,9], Rovenski et al. [10,11], Zehetner [12]
and Yang [13]. Bisegna [6,7] studied the Saint-Venant’s problem in the framework of the linear theory of piezoelectricity for
homogeneous, monoclinic piezoelastic cylinders. A relaxed version of this problem including torsion is also formulated and
solved by Bisegna [6,7]. Davı´ [8,9] obtained the coupled boundary-value problem for the torsional function and for the
cross-sectional electric potential function from a constrained three-dimensional static problem by the usual assumptions
of Saint-Venant’s theory. The analytical approach presented by Rovenski et al. [10,11] to the torsion of piezoelectric beams
is founded on the Saint-Venant’s semi-inverse method of pure torsion. Papers by Rovenski et al. [10,11] deal not only with
the torsion of piezoelastic beams but also a solution procedure for all Saint-Venant’s problems (extension, bending, shear and
torsion). In paper [10,11] a coupled Neumann problem is derived for the torsional and electric potential functions, where
exact and numerical solutions for elliptical and rectangular cross-sections are presented. The compensation of torsional
deformations in rods with the help of thin integrated piezoelectric actuator layers based on the Saint-Venant’s theory of uni-
form torsion has been analysed by Zehetner [12]. Torsion of circular cylinders made of ceramics with tangential poling is. All rights reserved.
: +36 46 565 163.
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end electrodes can be either opened or shorted. For both cases the expressions of torsional rigidity are derived by Yang [13].
The torsional function-electric potential function formulation of the torsional problem of an unelectroded piezoelastic
beam leads to the next coupled Neumann problem [10,11]:r  ½A  ðrxþ ez  RÞ þ e  r/ ¼ 0 in A; ð1Þ
r  ½eT  ðrxþ ez  RÞ  j  r/ ¼ 0 in A; ð2Þ
n  ½A  ðrxþ ez  RÞ þ e  r/ ¼ 0 on @A; ð3Þ
n  ½eT  ðrxþ ez  RÞ  j  r/ ¼ 0 on @A: ð4ÞIn Eqs. (1)–(4),
 A is the cross-section of the considered piezoelastic beams, which can be simply or multiply connected bounded plane
domain (Fig. 1);
 R = xex + yey, x, y are the cross-sectional coordinates, ex, ey are unit vectors in the directions of axes x and y;
 ez is the unit vector in axial direction, ez = ex  ey;
 r ¼ @
@x ex þ @@y ey is the gradient (del) operator [3,14];
 n is the outer unit normal vector to the cross-sectional boundary curve @A (Fig. 1);
 x =x(x,y) is the torsional function;
 u = #/(x,y) is the electric potential function, # is the rate of twist;
 A ¼ A55 A45A45 A44
 
is the matrix of elastic stiffness tensor for torsional deformations [15];
 e ¼ e15 e25
e14 e24
 
is the tensor of piezoelectric constants for torsional deformations [10,11];
 j ¼ j11 j12j21 j22
 
is the matrix of the dielectric tensor for torsional deformations [10,11].
 In Eqs. (2) and (4) upper T indicates the operation of transpose, scalar product is indicated by a dot, and the sign of vec-
torial product is a cross according to [3,14].
Having a solution of the boundary-value problem formulated by Eqs. (1)–(4) the stress ﬁeld and the electric displacement
ﬁeld can be computed as [10,11]sz ¼ sxzex þ syzey ¼ #tz; ð5Þ
D ¼ Dxex þ Dyey ¼ #d; ð6Þwheretz ¼ A  ðrxþ ez  RÞ þ e  r/; ð7Þ
d ¼ eT  ðrxþ ez  RÞ  j  r/: ð8ÞFig. 1. Cross-section of a twisted piezoelastic beam.
1670 I. Ecsedi, A. Baksa / Applied Mathematical Modelling 36 (2012) 1668–1677Note here, that the shear strain vector cz = cxzex + cyzey and the electric ﬁeld vector E = Exex + Eyey can be expressed ascz ¼ #C ¼ #ðrxþ ez  RÞ; E ¼ #r/: ð9Þ
The torsional rigidity of the piezoelectric beam is obtained from following equation:S ¼
Z
A
ðez  RÞ  tzdA ¼
Z
A
ðez  RÞ  ½A  ðrxþ ez  RÞ þ e  r/dA; ð10Þaccording to the deﬁnition of S, S = T/# [10,11], where T is the applied torque.
2. Variational formulation
The functional P =P(x,/) is as deﬁnedPðx;/Þ ¼
Z
A
½ðrxþ ez  RÞ  A  ðrxþ ez  RÞ þ 2ðrxþ ez  RÞ  e  r/r/  j  r/dA: ð11ÞThe independent quantities subject to variation in functional (11) are x and / with no subsidary conditions.
Theorem 1. The stationary conditions of functional (11) with respect to x and / yield the coupled Neumann boundary-value
problem formulated by Eqs. (1)–(4).Proof. A simple computation givesdP ¼ 2
Z
A





dxn  ½A  ðrxþ ez  RÞ þ e  r/ds
Z
A





d/n  ½eT  ðrxþ ez  RÞ  j  r/ds
Z
A




: ð12ÞHere,A ¼ AT; j ¼ jT ð13Þ
are used together with Leibniz’s rule for the differentiation of product functions, and the Stokes theorem for transforming a
domain integral to a line integral. In Eq. (12) s is an arc-length deﬁned on boundary curve @A (Fig. 1). The validity of the state-
ment formulated in Theorem 1 follows from Eq. (12) and from the fundamental lemma of the calculus of variations since dx
and d/ are arbitrary in A and on @A.Theorem 2. If Eqs. (1)–(4) are satisﬁed then dP(x,/) = 0 with arbitrary, sufﬁciently smooth dx and d/.Proof. According to Eqs. (1)–(4) with arbitrary, sufﬁciently smooth d x and d/0 ¼ 2
Z
@A
dxn  ½A  ðrxþ ez  RÞ þ e  r/dsþ
Z
@A





dxr  ½A  ðrxþ ez  RÞ þ e  r/dAþ 2
Z
A




drx  ½A  ðrxþ ez  RÞ þ e  r/dAþ 2
Z
A










½ðrxþ ez  RÞ  A  ðrxþ ez  RÞ þ 2ðrxþ ez  RÞ  e  r/r/  j  r/dA
 
¼ dP; ð14Þwhich shows that if Eqs. (1)–(4) are satisﬁed then dP = 0 is prooven. h
Theorem 2 is the converse of Theorem 1. Theorem 3 gives the mechanical meaning of functional (11).
Theorem 3. Let x = x(x,y) and / = /(x,y) be a solution of the coupled Neumann boundary-value problem formulated in
Eqs. (1)–(4). In this casePðx;/Þ ¼ S: ð15Þ
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Z
A
ðez  RÞ  ½A  ðrxþ ez  RÞ þ e  r/dAþ
Z
A




r/  ½eT  ðrxþ ez  RÞ  j  r/dA ¼ Sþ
Z
@A




xr  ½A  ðrxþ ez  RÞ þ e  r/dAþ
Z
@A




/r  ½eT  ðrxþ ez  RÞ  j  r/dA ¼ S: ð16Þ3. Example 1. Hollow circular cylinder made of orthotropic material
The cross-section of the considered hollow circular cylinder is shown in Fig. 2. The circular cylinder is made of orthotropic
piezoelectric material. In this case A45 = A54 = 0. Let us suppose that j12 = j21 = 0 and e14 = e25 = 0 be. Assumed forms of the
torsional and of the ‘electric potential’ functions are as followsx ¼ Cxxy;/ ¼ C/xy: ð17Þ
Here, Cx and C/ are unknown constants, their values are obtained from the stationarity conditions of the functional P de-
ﬁned by Eq. (11). A routine computation givesPðCx;C/Þ ¼ A55ðCx  1Þ2 þ A44ðCx þ 1Þ2 þ 2e15ðCx  1ÞC/ þ 2e24ðCx þ 1ÞC/  ðj11 þ j22ÞC2/
n o c42  c41
4
p: ð18ÞThe stationarity conditions of P(Cx,C/) with respect to Cx and C/ yield the following system of equationsCxðA44 þ A55Þ þ ðe15 þ e24ÞC/ ¼ A55  A44; ð19Þ
Cxðe15 þ e24Þ  ðj11 þ j22ÞC/ ¼ e15  e24: ð20Þ
The solution of the system of Eqs. (19), (20) for Cx and C/ isCx ¼ ðA55  A44Þðj11 þ j22Þ þ e
2
15  e224
ðA44 þ A55Þðj11 þ j22Þ þ ðe15 þ e24Þ2
; ð21Þ
C/ ¼ 2ðA55e24  A44e15ÞðA44 þ A55Þðj11 þ j22Þ þ ðe15 þ e24Þ2
: ð22ÞThe combination of Eq. (17)1,2 with Eqs. (21) and (22) givesxðx; yÞ ¼ ðA55  A44Þðj11 þ j22Þ þ e
2
15  e224
ðA44 þ A55Þðj11 þ j22Þ þ ðe15 þ e24Þ2
xy; ð23Þ
/ðx; yÞ ¼ 2ðA55e24  A44e15Þ
ðA44 þ A55Þðj11 þ j22Þ þ ðe15 þ e24Þ2
xy: ð24ÞFig. 2. Hollow circular cross-section.
1672 I. Ecsedi, A. Baksa / Applied Mathematical Modelling 36 (2012) 1668–1677It can be prooven by a routine computation that the torsional function and ’electric potential’ function given by Eqs. (23) and
(24) satisfy the coupled Neumann boundary-value problem formulated by Eqs. (1)–(4), so that, they are the exact solutions
of the torsional problem for the considered hollow circular cross-section. The application of Theorem 3 yields the following










p: ð25Þ4. Example 2. Thin-walled closed cross-section
Fig. 3 shows the cross-section of a thin-walled beam with closed proﬁle. The middle curve of the closed proﬁle is denoted
by cm, and the area enclosed by cm is indicated by Am. The arc-length deﬁned on cm is r, and the tangential and normal unit
vectors to curve cm are m and m, respectively (Fig. 3). The equation for cm (Fig. 3) isRm ¼ OP
! ¼ RmðrÞ; ð26Þ
where Rm is as deﬁnedRm ¼ Rm  m; m ¼m ez; m ¼ dRmdr : ð27ÞAn approximate solution of the torsional problem for a thin-walled closed proﬁle is formulated by the usual assumptions of
Bredt’s theory [16,17] and Theorem 1 of the present paper.
The followings are assumed:
 x and / do not depend on the thickness coordinate g (Fig. 3).
 The shear stress is independent of the thickness coordinate g and has the formsz ¼ #tz ¼ #tszm: ð28Þ





m; ð29Þthat is  
C ¼ dx
dr
þ Rm m: ð30Þ The electric displacement vector is independent of the thickness coordinate g and has the form
D ¼ #d ¼ #dðrÞm: ð31ÞFig. 3. Thin-walled closed cross-section.

















tdr; ð32ÞwhereaðrÞ ¼m  A m; eðrÞ ¼m  e m; jðrÞ ¼m  j m ð33Þ
























































































: ð39ÞA simple computation givesdx
dr
















; ð41Þwhere C1 and C2 are the constants of the integration, anda ¼ ajþ e
2
j
; b ¼ ajþ e
2
a
; c ¼ ajþ e
2
e





















¼ 0; ð44Þsince I
cm
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: ð51ÞAccording to the conditions of the mechanical equilibrium and the balance of charge the shear ﬂow q and the electric dis-
placement ﬂow p are constant. According to Eqs. (50) and (51) these conditions are satisﬁed ifq ¼ tszt ¼ C1; p ¼ dt ¼ C2: ð52Þ
The equations above give the mechanical meaning of the constants C1 and C2.
The torsional rigidity of the thin-walled closed cross-section made of piezoelectric material can be obtained from Eq. (15).




































¼ C1 dxdr þ Rm
 



























¼ 2AmC1: ð54Þis derived.
Applications of Theorem 3 and Eqs. (32), (46), (53) and (54) lead to the formula of torsional rigidity of electroelastic
















: ð55ÞFormula (55) is a generalization of the well known Bredt’s formula [16,17] to electroelastic beams. For anisotropic elastic
beams e ¼ 0; d/dr ¼ 0
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5. Example 3. Thin-walled circular tube
The hollow circular cross-section shown in Fig. 2 can be considered as a cross-section of a thin-walled circular tube if
t = c2  c1 c = 0.5(c1 + c2). It is assumed that this condition is satisﬁed so that the formulation given in Section 4 of this
paper can be applied. The following data are used to get the numerical expressions of torsional function, ‘electric potential’
function and the numerical value of torsional rigidity:
Fig. 4. Graphs of the torsional functions: approximate and exact solution.
I. Ecsedi, A. Baksa / Applied Mathematical Modelling 36 (2012) 1668–1677 1675c1 ¼ 0:0195 m; c2 ¼ 0:0205 m; c ¼ 0:02 m; t ¼ 0:001 m; A55 ¼ 2 1010 N=m2; A44 ¼ 3 1010 N=m2;
A45 ¼ A54 ¼ 0; e15 ¼ 12:3 C=m2; e24 ¼ 16 C=m2; j11 ¼ 1:53105 108 C=Vm; j22 ¼ 1:416 108 C=Vm;
e14 ¼ e24 ¼ 0; j12 ¼ j21 ¼ 0:
The plots of the torsional and of the ‘electric potential’ functions obtained from Eqs. (48) and (49) as a function of a (Fig. 2)
are illustrated in Figs. 4 and 5 for 0 6 a 6 p/2. These functions in Figs. 4 and 5 are denoted by xA and /A, respectively.
The application of formula (55) leads to the following approximate value for torsional rigiditySA ¼ 1232:341133 Nm2: ð57Þ
The exact torsional and ‘electric potential’ functions obtained from Eqs. (23) and (24) forx ¼ c cosa; y ¼ c sina; 0 6 a 6 p=2 ð58Þ
as a function of a (Fig. 2) are shown in Figs. 4 and 5, respectively. In Figs. 4 and 5 these torsional and ‘electric potential’ func-
tions are indicated by xE and /E, respectively. The exact value of the torsional rigidity SE can be computed from Eq. (25)SE ¼ 1208:494102 Nm2: ð59Þ
The approximate results obtained from the formulae of Section 4 are in good agreement with the results derived from the
exact solution.
6. Example 4. Torsional rigidity of thin-walled rectangular box cross-section
Fig. 6 shows the cross-section of a hollow rectangular thin-walled box beam. This cross-section is double symmetrical,
and is made of monoclinic piezoelectric material. Note here, thatA45 ¼ A54 – 0; e14 – 0 e25 – 0; j12 ¼ j21 – 0: ð60Þ




















































Fig. 5. Graphs of the ‘electric potential’ functions: approximate and exact solutions.
Fig. 6. Cross-section of a hollow rectangular thin-walled box beam.
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In this paper a variational formulation for the torsional problem of elastoelectric beams is presented. The proof of the de-
rived variational theorem is based on a generalization of the Saint-Venant’s torsion theory to monocline piezoelectric beams.
Theorems 1 and 2 show that the direct formulation of the torsional problem, which leads to a coupled Neumann boundary-
value problem, is equivalent with the variational formulation developed in this paper. By means of the presented variational
formulation an approximate solution is derived for the torsional problem of piezoelectric thin walled beams with closed pro-
ﬁle. A generalization of the well known Bredt’s formula for thin-walled piezoelastic beams with closed cross-section is also
given.
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